We have unveiled coherent multiphoton interferences originating from different quantum paths taken by the Auger electron induced by a high-intensity x-ray/XUV pulse under the presence of a strong optical field. These interferences give rise to a clear signature in the angle-resolved Auger electron spectrum: an asymmetry with respect to the energy of the Auger decay channel. In order to illustrate this effect we have considered the resonant Auger decay of the transition 2p 5 ↔ 1s −1 2p 6 in Ne + . The simulations show that these interferences are very sensitive to the parameters of the x-ray and optical fields.
I. INTRODUCTION
Free-electron lasers (FELs) can achieve very high intensities (more than 10 15 W/cm 2 ), an important feature to produce nonlinear processes in the x-ray/XUV regime [1] . The nonlinearity may arise from perturbative sequential absorption [1] [2] [3] , perturbative nonsequential multiphoton interaction [4] [5] [6] [7] , or nonpertubative interaction [8] [9] [10] [11] [12] [13] [14] . Self-seeding and optical-laser-seeding methods are being developed at FELs that produce xray/XUV pulses with high temporal coherence [15, 16] . The combination of high intensity and high coherence enables population control via Rabi oscillations.
Also, the combination of x-ray/XUV light with strong optical fields (10 10 -10 15 W/cm 2 ) introduces a new degree of controllability exceptionally beneficial for pump-probe experiments [17] [18] [19] , optical control of x-ray absorption [20, 21] , and x-ray pulse characterization [22] . In these experiments inner-shell holes are created and the Auger decay that follows provides an ultrafast internal probe of the electron dynamics. However, the Auger electron is streaked by the optical field during the electron emission and a proper understanding of the light-matter interaction is needed to analyze the spectrum. In particular, when the Auger electron emission occurs during a significant change of the optical vector potential, the electron wavepacket interferences give rise to a multipeak structure in the spectrum; the so-called sidebands [23] [24] [25] [26] [27] [28] [29] . The sidebands are related to the above-threshold ionization (ATI) phenomenon [30] , and analogously to ATI, every sideband-peak is separated by an optical photon energy. Sidebands were identified as essential features in recent work [31] in which we studied resonant Auger processes under strong optical fields that couple core-excited states. Resonant Auger processes are especially interesting as site-specific excitations [32] [33] [34] . However, none of the previous works considered x-rays intense enough to observe nonlinear effects in the sidebands of the Auger electron spectrum.
In the present work we describe a general effect that can be observed in the Auger electron spectrum when * apicon@anl.gov a high-intensity x-ray/XUV pulse is used to resonantly excite an inner-shell or core-shell electron under the presence of a strong optical field. This effect can be explained from the energy domain picture or from the time domain picture. From the energy domain picture, the nonlinear effects induced by the intense x-ray/XUV pulse yield an overlapping between consecutive sideband-peaks. The overlapping can be understood as the interferences of different quantum paths taken by the Auger electron. Because of the phases between the consecutive sidebandpeaks, their interferences can produce asymmetries with respect to the energy and angle of Auger electron emission. From the time domain picture, the high-intensity and coherent x rays control the inner-or core-shell state dynamics and therefore control when Auger decay occurs. In particular, allowing Auger decay only during the maxima of the optical vector potential, we observe a strong optical streaking that explains the above mentioned asymmetries in the Auger electron spectrum.
In order to demonstrate and explain this effect, we have considered the resonant Auger decay of the transition 2p 5 ↔ 1s −1 2p 6 in Ne + . Our simulations show that these interferences are very sensitive to the x-ray and optical parameters due to the intrinsic coherence of the whole process.
II. THEORETICAL MODEL
The novel phenomenon presented in this work can be extended to any inner-shell or core-excited state interacting with a high-intensity x-ray/XUV pulse, but in order to show some realistic parameters we will present a model for neon, in particular the 2p 5 ↔ 1s −1 2p 6 transition in Ne + . Intense x-ray effects on the resonant Auger electron lineshape of this transition have been studied experimentally and theoretically [9, 10] , and the resonance fluorescence spectrum has been calculated as a two-level system [14] . Unlike Ref. [10] , we do not consider the decoherence introduced in the system by using the x rays to both ionize the Ne 2p electron and induce the 2p 5 with the Rydberg core-excited state 1s −1 (|1 ), see Fig.  1(a) . The intensity of the x rays is strong enough to induce Rabi oscillations between the core-excited state and the ground state. Although the Rabi cycling is the main dynamics induced by the x rays, we include the possibility of ionizing an electron from both the ground and the core-excited state. The core-excited state has a finite lifetime of 2.4 fs and it will decay and emit an Auger electron during the Rabi cycling. Since our system is exposed to a strong optical field, we account for the fact that the continuum of the Auger decay is dressed by the optical field. This dressed continuum gives rise to a multipeak structure in the Auger electron spectrum, the sidebands [17, [23] [24] [25] [26] [27] [28] [29] 31] . In our previous study [31] , we considered the continuum states of the Auger electron and the optically-induced continuum-continuum transitions responsible for sidebands. The core-excited state may undergo resonant Auger decay into the states |v a , i , where i represents the state of the final ion left after the decay with an Auger electron whose velocity is v a . We derive the equations of motion (EOM) in the (a) 
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2 ). The continuous (blue) line is the angle-integrated Auger electron spectrum. The dash (black) line is the Auger electron spectrum in the direction θ = 0 (parallel to the polarizations of the x rays and the optical field).
dipole and Markov approximations (or Wigner-Weisskopf theory) [27, 35, 36] iȧ 0 (t) = E 0 a 0 (t) + µ 01 ε x (t)a 1 (t) ,
where a 0 (t), a 1 (t), and b i (v a , t) represent the amplitudes of the ion ground state, the core-excited state 1s −1 2p 6 , and the final ionic state i with the Auger electron respectively. Note that atomic units are used throughout. We assume Gaussian pulses for the x rays and a trapezoidal pulse shape for the optical field, see appendix B. The energies of the ground and core-excited states are given by E k , and for continuum states by
a /2 is the Auger electron kinetic energy and E + i is the final ion energy. The dipole moment from state a to b is µ ba . The total decay Γ k accounts for the decay of the core-excited states due to non-radiative (e.g. Auger) and radiative processes as well as of the ionization processes by the optical laser and the x rays [31, 37, 38] . At 10 11 W/cm 2 , the optical field is intense enough to dress the continuum but does not ionize the system. The transition matrix elements γ i,k (v a ) = v a , i|V ee |k ,V ee being the electron-electron Coulomb interaction [27] , do not depend on time, and within the Wigner-Weisskopf and the dipole approximations we can derive (see more details in Ref. [31] )
up to a phase ξ
is the partial rate of the core-excited state k decaying into the final ion i,ṽ a is the velocity satisfying the energy conservationṽ 2 a /2 + E + i = E k , where θ is the angle between the x-ray polarization axis e x and the velocity direction v a . β
is the anisotropy parameter that defines the angular distribution of the Auger electron emission and P 2 (cos θ) is the second Legendre polynomial.
The core-excited state 1s −1 2p 6 has a large number of Auger decay channels [39, 40] and we only include in our model the channel with 2s −2 ( 1 S) as the final ion state. We focus on this decay since it is well separated in the Auger electron spectrum from the other channels and, thus, it allows us to clearly discern the sidebands. The partial width is obtained from experiments [39, 40] . Since the core-excited state, 1s −1 2p 6 , is not aligned, the Auger angular distribution is isotropic (β [41, 42] . See appendix A for more details about the physical system. Fig. 1(b) shows the angle-integrated Auger electron spectrum obtained with a peak x-ray intensity of 2.4 × 10 15 W/cm 2 and no optical laser field. The x rays are linearly polarized with photon energy of 848 eV, which is in resonance with the transition 2p 5 ↔ 1s −1 2p 6 . With this x-ray intensity we can transfer almost all the population from the ion ground state to the core-excited state, but it is not intense enough to produce Rabi oscillations between these two states. However, by increasing the peak intensity to 1.4 × 10 16 W/cm 2 , we induce one and a half Rabi cycles (a 3π pulse for which the ion ground state is completely depleted, populated again, and completely depleted again) that modifies the Auger electron spectrum as studied in Ref. [8] . Now, instead of having a single peak, we can clearly see the appearance of a twin-peak structure, as shown in Fig. 1(b) . This twin-peak structure is a result of the nonlinearity of the x-ray interaction via Rabi cycling. The magnitude of the energy-level splitting between the two peaks is related to the AC Stark shift induced by the x rays in the core-excited state, as sketched in Fig. 1(a) , but it is not exactly equal to the Rabi frequency Ω x = µ 01 ε 0x . In particular, calculation of the magnitude of the energylevel splitting between the two peaks is more complicated and depends on more factors such as the decay of the core-excited state and the pulse shape of the x rays (see appendix C for detailed discussion).
If we now subject the ion to a strong optical field with a peak intensity of 10 11 W/cm 2 in addition to an intense x-ray field with a peak intensity of 1.4 × 10 16 W/cm 2 , we see that sidebands appear in the Auger spectra, as shown in Fig. 1(c) . The presence of these sidebands is a result of the optical laser dressing of the continuum of the ion. Note that the twin-peak structure induced by the strong x rays is preserved at individual sidebands separated by an energy equal to the optical photon energy. The sidebands have been labelled by the integer number n, where n = 0 corresponds to the energy of the Auger decay channel (in our case 747.68 eV). The envelope of the sidebands presents a strong modulation when we calculate the Auger electron spectrum measured in the direction parallel to the optical polarization axis, defined as 0
• -angle. This modulation is called the gross structure of the sidebands [28, 29] , which is the result of an interference between electron wavepackets emitted during one period of the optical field. We should remark that the multiphoton interferences presented in the next section have a different origin than the ones responsible for the gross structure.
III. ORIGIN OF THE MULTIPHOTON INTERFERENCES
The multipeak structure generated by the sidebands and the strong x rays, as shown in Fig. 1(c) , will display interference effects due to their coherence, and this is the main focus in the present work. By matching the optical frequency to the splitting of the Auger line induced by the intense x-rays, we can overlap the sidebands-peaks (e.g. the twin-peaks of n = 0 with the twin-peaks of n = 1) and expect strong interferences. This overlap represents two possible quantum paths taken by the Auger electron; the two paths are from different quasi-energy levels induced by the strong x rays and from different optical transitions in the continuum due to the absorption or the emission of one more optical photons. In Fig.  2 we show the Auger electron spectra obtained with a peak x-ray intensity of 1.4 × 10 16 W/cm 2 . But, in order to show the effect of the wavelength of the optical field, λ L , we examine two cases calculated for λ L = 1300 nm and λ L = 1500 nm and compare them to the result for λ L = 800 nm, which is shown in Fig. 1(c) . In these two cases the angle-integrated Auger electron spectra display a symmetric distribution centered at 747.68 eV, but the spectra emitted parallel to the optical polarization axis display strong asymmetries. These asymmetries are evidences of the quantum-path interferences. To quantify the degree of asymmetry, we use an asymmetry parameter defined as
where n a is the probability of having the electron with energies above the energy of the Auger decay channel (747.68 eV) and n b is the probability of having the electron with energies below that. We find that the 0 • -angle Auger electron spectra for λ L = 800 nm, 1300 nm and 1500 nm have A =-0.02, -0.24 and 0.41, respectively. The asymmetry is larger for 1500 nm as it increases the overlapping between sidebands of consecutive n, while the asymmetry is not appreciable for 800 nm as the overlapping is small. 3) with respect to the time delay between the optical field and the x-ray pulse. We use the same parameters as in Fig. 2 and only change the time delay of the x-ray pulse with respect to the optical field.
In order to understand the origin of such coherent interferences, we examine an analytical solution of Eqs.
(1) for the case of treating the optical field as a continuous wave and the x rays as a square pulse (see appendix C). The analytical solution obtained for this simple case allows us to qualitatively understand the asymmetries shown in Fig. 2 . The interferences between the n sidebands-peak and its consecutive neighbor peak are mainly described by the sum of a Bessel function J n times a function I n , which is defined in Eq. (C4), specifically
This sum depends on several parameters, including the duration of the x rays (t f ), the peak electric field of the x rays (ε 0x ), the frequency of the optical field (ω L ), the optical vector potential (A 0 ), the decay rate of the coreexcited state (Γ 1 ), the carrier-envelope phase of the optical field (ϕ), and the velocity of the Auger electron (v a ). This sum then gives rise to the asymmetries observed in the Auger electron spectrum. Equation (4) reveals a unique feature, in which it shows that quantum interference can be controlled using the carrier-envelope phase of the optical field. We exploit this effect of carrier envelope by varying the time delay between our Gaussian x-ray pulse and trapezoidal optical pulse. Fig. 3 shows that these asymmetries are very sensitive to the time delay between the optical field and the x-ray pulse, and the sensitivity is evident for all three optical frequencies, 800 nm, 1300 nm and 1500 nm. The frequency of the modulation in A is equal to the frequency of the optical field. As expected, we observe stronger modulation in A for λ L = 1500 nm and 1300 nm, while for λ L = 800 nm the asymmetry is small for all time delays.
Although we have limited ourselves giving a physical interpretation in the energy domain picture, we can also provide a consistent description of the coherent multiphoton interferences in a time domain picture and connect the induced asymmetries with the well-known scenario of the optical streaking [43] . In optical streaking, the linear momentum of the emitted electron is shifted by the value of the vector potential at the emission time, therefore producing an asymmetry. In Fig. 4(a) we plot the evolution of the core-excited state population (a 1 (t)) for the same x-ray pulse used in Fig. 1(b) for two different x-ray peak intensities. In the case of the higher intensity of 1.4 × 10 16 W/cm 2 , by matching the Rabi oscillation frequency to the optical frequency, we can obtain the scenario in which the electron population is mainly in the core-excited state only during the positive maxima of the optical vector potential. As shown in Fig. 4(b) , this scenario is realized when we use 0 fs time delay and λ L = 1500 nm. In this case we obtain a large asymmetry of A=0.41. However, for the lower intensity of 2.4 × 10 15 W/cm 2 , the scenario is completely different, the core-excited state is populated for a wide range of vector potential amplitudes, which explains the lack of an asymmetry. It is noteworthy to relate this phenomenon with previous studies of optical streaking of Auger electrons [24] [25] [26] 28] . In these previous works, it was observed that if the lifetime of the core-or inner-excited state is much shorter than half of the optical cycle, the Auger electron was streaked (energy shifted and therefore asymmetric) without showing the multipeak structure. When the lifetime is close to or larger than the optical period, the sidebands appear. This effect was explained by the interference of the electron wavepacket emitted at different times separated by an optical period. Now, in our intense x-ray scenario, we can control the core-excited population using Rabi oscillation. The Rabi cycling essentially shortens the core-excited lifetime and partially recovers the optical streaking scenario in which an energy shift is expected and so the asymmetry. Hence, by controlling the core-excited state population with the high-intensity x rays, we can restrict the timing of Auger decay to time windows when the amplitude of the vector potential is maximum and establish optical streaking at different times separated by the Rabi cycling period.
The time domain picture also explains the sensitivity of the asymmetries with respect to the carrier-envelope phase of the optical field. At 1500 nm, Fig. 3 shows no asymmetry for a 1.5 fs time delay, and this is the scenario when the electron population is mainly in the core-excited state when the optical vector potential is almost zero, as shown in Fig. 4(b) . At further time delay of 2.5 fs, the excited state populations overlap the negative maxima of the vector potential, resulting in the maximum negative asymmetry.
The fact that no interference effect is observed in the angle-integrated Auger electron spectrum can be understood by treating the light as photons. The Auger electron states with different n correspond to a different number of absorbed/emitted photons during the Auger decay and they then have different angular momentum. Hence, the interference between the sideband-peaks n and n+1 is analogous to the well-known scenario of the interferences of partial waves in atomic photoionization [44] . Partial waves are incoherently added when the total photoionization cross section is calculated, however when the angleresolved cross section is calculated they are coherently added.
IV. OBSERVATION OF THE ASYMMETRIES
Although the main goal of this work is to unveil the origin and the main effects of the coherent multiphoton interferences described in the last section, we would like to provide in this section a discussion of some factors that may play an important role for the observation of the asymmetries in the Auger electron spectrum. The first aspect is the transverse intensity distribution of the x rays, because not all the atoms in the gas cell or beam will experience the same intensity and then not undergo the same Rabi oscillations either. This naturally affects the asymmetry, as shown in Fig. 5(a) . We observe that the asymmetry is strongly reduced for lower intensities, and can also change sign, as the broadening of the sideband peaks is narrower at lower intensities which reduces their overlaps. In this case, the contributions from the atoms interacting with the x rays at lower intensities may be too large to be able to measure any asymmetry at all. For example, we have considered an homogenous gas cell of Ne + and a transverse Gaussian distribution for the x rays with a peak intensity of 1.4 × 10 16 W/cm 2 , the same intensity used in Fig. 2(b) (the width of the Gaussian distribution is not relevant since the gas cell is much larger than the transverse size of the beam). When we calculate the average asymmetry accounting for the intensity distribution, we obtain A = 0.05 that is much smaller than the asymmetry A = 0.41 given by the atoms in the peak intensity region. In the averaging we have also considered that at lower intensities less population from the ion ground state is transferred to the core-excited state. Therefore, in order to observe such asymmetries we need to prepare our gas target in a confined volume which is mainly affected by a constant intensity. For example, in a gas cell of Ne we can send a first pulse to ionize it and prepare Ne + only in the interacting area of the pulse that has the peak intensity. A similar scenario is considered in Refs. [9, 10] where the same x-ray pulse that induces the Rabi oscillations also produces the Ne + gas target.
The intensity averaging effects just described can be significant when reflective optics, such as KirkpatrickBaez mirrors, are used to achieve high peak intensities by focusing the x rays to small spot sizes with Gaussian transverse intensity distributions [1, 6, 9] . However, optical laser beams have been shaped to flat-top intensity profiles using refractive and diffractive optics and spatial modulators [45] [46] [47] . Similar methods can be developed for x rays to produce flat-top intensities that will preserve large Auger asymmetries in experiments.
The wavelength of the optical field is another aspect that we need to take into account. As we discussed in the previous section, if the photon energy is large enough that there is no overlapping between the sideband-peaks, we do not observe any asymmetry in the electron spectrum. As the optical photon energy decreases, the asymmetry clearly increases. However, if the photon energy is too small, so that there is overlapping not only between the direct neighbor peaks, our qualitative description using Eq. (4) will obviously break down. The splitting of the twin-peaks induced by the strong x rays can be estimated as the generalized Rabi frequency, and therefore we can estimate that our analysis breaks down for photon energies below half that frequency, in our case below 0.018 a.u. (i.e. optical wavelengths longer than approximately 2500 nm). Naturally, if the optical wavelength is too long, we start to enter the optical streaking regime, where we observe an asymmetry even with low intensity x rays.
Finally we would like to comment on the dependence of the asymmetry on the emission angle. In Fig. 2 we only show the Auger electron spectrum measured at the angle θ = 0. At other angles, the envelope of the sidebands, the so-called gross structure [28, 29] , is different, and in particular for θ = π/2 (perpendicular to the polarization of the optical field), the sidebands vanish. The We used the same parameters as in Fig. 2 and only changed the peak intensity of the x rays.
asymmetry remains approximately constant from θ = 0 to θ = π/2, and it rapidly decreases to zero near θ = π/2 when the sidebands vanish. After θ = π/2, in the south hemisphere, the asymmetry is approximately the same as in the north hemisphere but with a change of sign, as the optical streaking acts now in the opposite direction. This behavior can be qualitatively explained using Fig.  4(b) . The projection of the vector potential at different angles changes, however only its amplitude is modified, and the dynamics of the core-excited state population with respect to the vector potential is the same, giving rise to the same asymmetry. Hence, an angle-averaged measurement over a large angular range still presents the same asymmetry and allows the possibility of single shot measurements at fixed delay between the two pulses.
V. CONCLUSIONS
In conclusion, we have analyzed resonant Auger processes under intense x rays and a strong optical field. We focus on the resonant transition 2p 5 ↔ 1s −1 2p 6 in Ne + decaying into the final ion 2s −2 ( 1 S). The optical field is strong enough to induce sidebands; a multipeak structure in which every sideband-peak is separated by an optical photon energy. If the x rays are intense enough, the sideband-peaks can be broadened and obtain a significant overlap between them. The overlap produces coherent interferences that originate from different multiphoton quantum paths taken by the Auger electron. We have shown that the interferences give rise to a clear signature: an asymmetry with respect to the energy and angle of Auger electron emission. Moreover, the interferences are very sensitive to the carrier-envelope phase of the optical field, i.e. the time-delay between the x-ray Gaussian pulse and the optical field. The intrinsic coherence of such interferences make them very sensitive to the x-ray and optical parameters, hence we believe that they can be exploited to develop alternative metrology tools for seeded pulses in FELs.
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The main dynamics in Ne + is between the ground state (|0 ) and the core-excited state 1s −1 2p 6 (|1 ), whose energies are obtained from experiments as E 0 = 0 eV and E 1 = 848 eV [9] . The x rays couple the ion ground state with the 1s −1 2p 6 state. The associated dipole moment is given by µ 10 = 1|r · e x |0 , where r is the one-electron position operator and e x is the polarization direction of the x rays. We obtain µ 10 = 0.0573 a.u. by means of ab initio calculations [48] .
We account for the x-ray photoionization and Auger decay rates in first-order of perturbation theory. Hence, the decay rate Γ k of the k state depends on the nonradiative and radiative decay processes Γ 1s as well as of the x-ray photoionization σ k J x (t), i.e.
(for k = 0 we do not have decay processes Γ 1s ), where Γ 1s is the natural linewidth of Ne + (1s −1 ) (experimental value Γ 1s = 0.27 eV, see references [37, 38] ), J x (t) is the instantaneous x-ray flux [49, 50] , and σ k is the xray photoionization cross-section (σ 0 = 2.56 × 10 −20 cm 2 and σ 1 = 3.47 × 10 −20 cm 2 , obtained using [51] and [52] ). The intensity of the optical field is enough to dress the continuum but does not ionize the system.
The core-excited state may decay into a continuum state |v a , i , where i represents the state of the final ion left after the decay with an Auger electron whose velocity is v a . Its energy is
is the Auger electron kinetic energy and E + i is the final ion energy. Under the strong-field approximation (SFA), we account for the continuum-continuum transitions responsible for sidebands, see more details in Ref. [31] .
The core-excited state 1s −1 has a large number of decay channels (i.e. different final ion states |i ) [39, 40, 53] . Here we only consider the channel via Auger decay in which the final ion state is 2s −2 ( 1 S), whose energy is E + i = 100.32 eV [54] . This decay channel is analyzed because the main Auger peak is well separated in the spectrum from the other peaks. Therefore, even under the presence of the optical field, we can distinguish the sidebands from this channel from the other channels. The partial width is obtained from the experiment of Ref. [40] and is given by Γ We have not considered any effects of the optical field after Auger decay, such as Stark shift or ionization of the final ions, which are expected to be small. There are no resonant couplings between the considered final ion states, because they are out of resonance with the optical photon energy. We note that these final ion states are metastable and they present narrow linewidths in contrast to core-excited states.
Appendix B: x rays and optical field
In all the numerical calculations, we use a Gaussianenvelope pulse for the x rays with electric field
where ε 0x is the maximum amplitude of the electric field, t m is a given time when the electric field is maximum, σ 2 is the variance, and ω X is the photon energy of the x rays. We use σ = 2 fs, and this defines a bandwidth of 0.33 eV, which is larger than the natural linewidth of the considered core-excited state. The small variance was chosen in order to induce Rabi oscillations before the characteristic time decay of the core-excited state. The photon energy is ω X = 848 eV, resonant with the ion ground state and the 1s −1 2p 6 core-excited state transition. We model the electric field of the optical laser as
where f (t) is the field envelope function, ε 0L is the maximum amplitude of the electric field, ϕ is a phase that defines the continuous wave with respect to the arrival of the x rays, and ω L is the photon energy of the optical field. In order to ensure that both the electric field and the vector potential are zero at the beginning of each simulation, our field envelope function has a trapezoidal shape with 3-cycle turn-on, 3-cycle turn-off and 10-cycle plateau. We use a rather strong optical field with intensity 10 11 W/cm 2 . Both x rays and optical field are linearly-polarized, and we use e x and e L to denote the polarization direction of the x-ray and optical laser pulse, respectively. For our calculations, significant temporal overlap between the x-ray and the optical laser pulse takes place only during the plateau region of the optical pulse. The Auger electron spectrum is calculated at the end of the optical field.
. v a is a time-dependent streaked velocity that depends on the vector potential of the optical field. Note that when the optical field vanishes, both velocities are the same, i.e. v a = v a . By using Eq. (2), we can recast Eq. (C1) as
From equation (C2) one can see that the excitation of the continuum depends on the core-excited amplitude dynamics as well as the optical field that changes the time-dependent phase in the integral. We can further simplify Eq. (C2) by assuming that the optical field is a continuous wave as Eq. (B2) and neglecting the square terms of the vector potential with respect to the linear terms, we obtain
where
From Eq. (C3) we can understand the multipeak structure of the sidebands. The integral (C3) is like a Fourier transform of the core-excited amplitude dynamics. The Fourier structure given by the integral is repeated in the Auger electron energy at every optical frequency, due to the term nω L . Now, these repeated peaks are modified by the envelope caused by the Bessel function J n . If the Fourier transform of the integral forms a localized energy function that does not overlap the sideband peaks and v 2 a /2 ω L , we obtain a symmetric multipeak structure with respect to n = 0 due to the relation J −n (x) = (−1) n J n (x). If the x rays are also a continuous wave, we can find an analytical solution for the core-excited amplitude [55] :
where the Rabi frequency is defined as Ω x = µ 10 ε 0x and the generalized Rabi frequency as Ω 10 = Ω 2 x − (Γ 1 /2) 2 . If we have a square pulse from t = 0 to t = t f , the integral in Eq. (C3) can be performed: 
where α n = 
The solution of Eq. (C4) provides an insight to the Auger electron spectrum. We can start by analyzing the limit when the time duration of the square pulse is long compared with the lifetime of the core-excited state (t f 1/Γ 1 ). In that case only the second term of I (1) n (C5) survives. When the intensity of the x rays is large enough (Ω 10 Γ 1 ), that term can be interpreted as two Lorentzian functions centered at electron energies satisfying α n ± Ω 10 /2 = 0, with broadening Γ 1 /2. Therefore, as the intensity increases, the separation between the two Lorentzian peaks increases. This effect is reminiscent of the Autler-Townes splitting. The first term of I (1) n , which is related to the finite time-length of the pulse, has the same denominator than the second term of I (1) n , giving rise thus to a two-Lorentzian-like profile. On the other hand, the term in I (2) n (C6) is related to the finite duration of the pulse, but at variance with the first term in I (1) n , the denominator gives rise to only one Lorentzian function centered at the electron energy satisfying α n = 0, with broadening Γ 1 . The numerators of the first term of I (1) n and the term of I (2) n account for the effects due to the finite time-length of the pulse, which are important for describing the Auger electron spectrum induced by Rabi cycling [8] .
The integral (C4) allows us to describe qualitatively the interferences between peaks of different n. Introducing Eq. (C4) into Eq. (C3), one can see that if the x rays are intense enough and the optical frequency is small enough, there is a strong interference between the functions
These interferences are very complex, in particular if one accounts for the finite time-length effects. However, there is a particular feature of Eq. (C7) that is quite remarkable and it is the main result exploited in this work. We see that the expression in Eq. (C7) depends strongly on ϕ.
